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EQUIVARIANT VECTOR BUNDLES OVER CLASSIFYING SPACES FOR 

PROPER ACTIONS 

DIETER DEGRIJSE AND IAN J. LEARY 


Abstract. Let G be an infinite discrete group and let SG be a classifying space for proper 
actions of G. Every G-equivariant vector bundle over SG gives rise to a compatible collection 
of representations of the finite subgroups of G. We give the first examples of groups G with 
a cocompact classifying space for proper actions SG admitting a compatible collection of 
representations of the finite subgroups of G that does not come from a G-equivariant (virtual) 
vector bundle over EG. This implies that the Atiyah-Hirzeburch spectral sequence computing 
the G-equivariant topological K-theory of EG has non-zero differentials. On the other hand, 
we show that for right angled Coxeter groups this spectral sequence always collapses at the 
second page and compute the K-theory of the classifying space of a right angled Coxeter 
group. 


1. Introduction 

Let G be an infinite discrete group and T be the family of finite subgroups of G. Recall 
that the orbit category Oj^G is a category whose objects are the transitive G-sets G/H, 
for all H G T, and whose morphism are all G-equivariant maps between the objects. A 
classifying space for proper actions of G, denoted by EG, is a proper G-CW-complex such 
that the fixed point set EG^ is contractible for every if € E. The space EG is said to be 
cocompact if the orbit space G \ EG = EG is compact. Many interesting classes of groups 
G have cocompact models for EG, for example cocompact lattices in Lie groups, mapping 
class groups of surfaces, Out(E„), CAT(0)-groups and word-hyperbolic groups. We refer the 
reader to [9] for more examples and details. 

Now assume G is an infinite discrete group admitting a cocompact classifying space for 
proper actions EG. If 

E^EG 

is a G-equivariant complex vector bundle over EG (see Definition ESD and x is a point of 
EG, then the fiber is a complex representation of the finite isotropy group Gx- The 

connectivity of the fixed point sets of EG ensures that these representations are compatible 
(see Definition [2T]) with one another as x and hence Gx varies. Therefore, every G-equivariant 
complex vector bundle over EG gives rise to a compatible collection of complex representations 
of the finite subgroups of G, and hence to an element of 

lim R(H). 

GIH&OjrG 
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Here, limG/iLeOjrG is th® limit over the orbit category Oj^G of the contravariant repre¬ 

sentation ring functor 

R{-): Ah G/H^R{H). 

Denoting the Grothendieck group of the abelian monoid of isomorphism classes of complex 
G-vector bundles over ^G by Kg(^G), one obtains a map 

that maps a formal difference of (isomorphism classes) vector bundles (i.e. a virtual vector 
bundle) to a formal difference of (isomorphism classes) of compatible collections of represen¬ 
tations of the hnite subgroups of G. We say a compatible collection of represesentations of 
the hnite subgroups of G can be realized as a (virtual) G-equivariant vector bundle over ^G if 
there exists a (virtual) G-equivariant vector bundle over EG that maps to this collection un¬ 
der £q. One can also look at the corresponding situation for real (orthogonal) vector bundles 
and real (orthogonal) representations and obtain the map 

£g-.KO%{EG)^ lim RO(H). 

The maps £g are equal to the edge homomorphisms of certain Atiyah-Hirzebruch spectral 
sequences converging to Kq{EG) and KOq{^G) (see ([T]) and ([2])). Liick and Oliver proved 
that (see Proposition [23]) the map £g (real or complex) is rationally surjective, meaning that 
a high enough multiple of every element in the target of £g is contained in the image of £g- In 
the last paragraph of [121 p. 596] Liick and Oliver ask for an example of a group G admitting 
a cocompact classifying space for proper actions ^G such that £g is not surjective. In Section 
[3|of this paper we give the hrst example of such a group in the complex case. In Section HI we 
give the first example of such a group in the real case. We also construct examples of groups 
G admitting a cocompact SG with the following weaker property: G admits a compatible 
collection of representations for its finite subgroups that cannot be realized as a G-vector 
bundle over ^G. However, for these examples we cannot exclude the possibility that there 
exists a virtual vector bundle that maps to this collection of representations under £g- On 
the other hand, these examples are more explicit and lower dimensional. 

In the final section we show that for a right angled Coxeter group W, every compatible 
collection of representations of the finite subgroups of W can be realized as a W-equivariant 
vector bundle over EW, so that the map 

£w-E.^w{EW)^ lim R{H). 

WIH&OtW 

is always surjective. Morever, we show that this map is actually an isomorphism and that 
(see Theorem 12.4p 

K\^{EW) = 0. 

Using a version of the Atiyah-Segal completion theorem for infinite discrete groups proven by 
Liick and Oliver, we use these results to compute the complex K-theory of BW, the classifying 
space of W (see Corollary 15.611 . 
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2. G-VECTOR BUNDLES AND ISOTROPY REPRESENTATIONS 

Let G be a discrete group and let L be a Lie group. Let 5 be a family of finite subgroups 
of G, i.e. any collection of finite subgroups of G that is closed under conjugation and passing 
to subgroups. The orbit category OsG is a category whose objects are the transitive G-sets 
G/H, for all H € S, and whose morphism are all G-equivariant maps between the objects. 

Definition 2.1. [121 p. 590] Let X be a G-CW-complex. A (G, r)-bundle over X is a L- 
principal bundle p: E ^ X, where i? is a left G-space such that p is G-equivariant and 
such that the left G-action and the right L-action on E commute. We denote the set of 
isomorphism classes of (G,r)-bundles over X by Bdl(G,r)(Ai). For H ^ E, let 

Repr(iL) = Hom(iL,r)/Inn(r). 

One can consider Repp(—) as a contravariant functor from OsG to Sets. An element of the 
limit 

^ = {[aH])H£S e lim Repr(Lf) 

G/H&OsG 

is a called an S-compatible collection of T-representations. Given such an element A, let Sa 
be the family of subgroups of G x F consisting of conjugates of the subgroups of the form 

{{h,aH{h)) \h € H} 

for all H G S and let Es{G, A) be the universal G x F-CW-complex for the family Sa- 

Lemma 2.2. [T2l Lemma 2.4] For every S-compatible collection of T-representations A = 
{[oiH])Hes there exists a G-CW-complex Bs{G, A) with isotropy in S satisfying the following 
properties. 

- The quotient map 

vr: Es{G,A)^T\Es{G,A) = Bs{G,A) 

is a {G,T)-bundle over the G-CW-complex Bs{G,A). 

- The {G,T)-bundle vr: Es{G,A) —>• Bs{G,A) is universal in the sense that for every 
G-CW-complex X with isotropy in S there is an isomorphism 

[X,Bs{G,A)]G^Bld^G,r){X) 

given by pulling back the univeral bundle vr along a G-map X —>■ Bs{G,A). 

- For every S £ S, the fixed point set Bjr{G, A)^ is homotopy equivalent to BGrian), 
the classifying space of the centralizer of the image of an in F. 

If F = U(n) (F = 0(n)) and S = F, the family of all finite subgroups of G, then Repp(FI) 
is the set of isomorphism classes of n-dimensional complex (real) representations of H. In 
this case, an element of the limit 

X = {[aH])HeJ^ e lim Repp(iL) 

GIH&OjrG 

is a called is called a compatible collection of complex (real) n-dimensional representations of 
the finite subgroups of G. For H £ E, let R{H) {RO{H)) be the complex (real) representation 
ring of H, i.e. the Grothendieck group of the abelian cancellative monoid of isomorphism 
classes of finite dimensional complex (real) representations of H. Note that Repu(jj)(FI) is 
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naturally a subset of R{H) and Repo(n)(-f^) is naturally a subset of RO{H). One can consider 
R{—) as a functor from Oj^G to Ab. An element of the inverse limit 

« = G lim R{H) 

GIH&OjrG 

is a called a compatible collection of complex virtual representations of the finite subgroups of 
G. One has a natural embedding 

lim RepijCnAif) C lim R(H). 

GIH&OjrG GjH^OjrG 

The analogous statements for 0(n,M) and RO also hold. 

Now let A be a proper cocompact G-CW-complex, i.e. X has finite isotropy and the orbit 
space G\X has a finite number of cells, such that for every H £ X, the fixed point set X^ 
is non-empty and connected. 

Definition 2.3 ([18] ). A complex (real) G-vector bundle over A is a complex (real) vector 
bundle vr: E ^ X such that vr is G-equivariant and each g £ G acts on E and A via a bundle 
isomorphism. An isomorphism of G-vector bundles over A is just an isomorphism of vector 
bundles that is G-equivariant. The set of isomorphims classes of complex (real) G-vector 
bundles over A will be denoted by BdlG(A) (OBdlG(A)). For every x £ X, the fiber 7r“^(a:) 
is denoted by E^. We refer the reader to m Section 1] and m Section 1.9] for elementary 
properties of G-vector bundles over proper (cocompact) G-CW complexes. 

Theorem 2.4. [121 Th. 3.2 and 3.15] There exists a 2-periodic (^-periodic) equivariant 
cohomology theory Kg(A, A) (KO*q{X,A)) on the category of proper G-CW-pairs such that 
when X is cocompact, Kg(A) (KOg(A)J is the Grothendieck group of the abelian monoid 
of isomorphism classes of complex (real) G-vector bundles over X. In particular, for every 
H £ X, Kg(G/Ff) (KO^q{G/H) ) is canonically isomorphic to R{H) (RO{H)). 

As usual (see m Section 6] and O Th. 4.7]), the skeletal filtration of A induces Atiyah- 
Hirzebruch spectral sequences 


(1) 

Sf’'? = H^(A,K^(G/-)) = 


and 



(2) 

^f’'^ = HP(A,KO^^(G/-)) = 

=. KOg^‘'{X) 


where Hg(A, —) denotes Bredon cohomology of A (see |2]). 

Proposition 2.5. [131 Prop 5.8] If X is a cocompact G-CW complex then the spectral se¬ 
quences m and above rationally collapse, meaning that the images of all differentials in 
these spectral sequences consist of torsion elements. 

By our assumptions on A, the zeroth Bredon cohomology group Hg(A, R(—)) (resp. 
Hg(A, i?0(F7))), equals the limit of the functor R{—) (resp. RO{—)), over the orbit cat¬ 
egory Oj^G. Consider the edge homomorphisms 

ec: K^(A)^hOg(A,R(-)) 

and 

ec: KO^(A)^H^(A,RO(-)) 
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of the spectral sequences © and ([2]). If [vr] is the isomorphism class of an n-dimensional 
complex G-vector bundle tt; E ^ X, then eclK]) equals 

G ^ lim Repu(n){H) C R%{X,R{-)) 

where [-Ee^] denotes the isomorphism class in R{H) of the i7-representation The corre¬ 
sponding statement for real G-vector bundles also holds. Note that it follows from Proposition 
12.51 that a suitable multiple of every compatible collection of (virtual) real or complex repre¬ 
sentations of the finite subgroups of G is contained in the image of the edge homomorphism eg- 

Recall that the classifying space for proper actions ^G is a terminal object in the homotopy 
category of proper G-CW complexes (e.g. [9l Th. 1.9]). Hence, if X is any proper cocompact 
G-CW complex such that X^ is non-empty and connected for each H ^ T, then there exists 
a G-map X £G that is unique up to G-homotopy and induces commutative diagrams 

K^(X)-- limc/Heo^G R{H) and KO^(X)-- hmc/^^eo^G RO{H) 

K%{EG) KO^(^G). 

Hence, if a compatible collection a of virtual representations can be realized as a virtual 
G-vector bundle over ^G, it can also be realized as a virtual G-vector bundle over X. 




3. Complex vector bundles 

The purpose of this section is to construct a group G with a cocompact classifying space 
for proper actions ^G admitting a compatible collection of complex representations of the 
finite subgroups of G that cannot be realized as G-equivariant virtual complex vector bundle 
over E_G, i.e. so that the edge homomorphism 


is not surjective. 


eg-RURG)^ lim R{H). 

> GIH&O^G ^ ' 


Let F = G 4 X G 2 be the dihedral group of order 8 where cj is generator for G 4 and e is 
a generator of G 2 . Let H = (cj^) be the center of E, which has order two and denote the 
n-skeleton of the universal E/H-space X = E{E/H) by X^. We let F act on X and X” via 
the projection onto F/H. Consider the complex 1-dimensional representation 

X-. H = {a^) U(l) = ^ -1. 

Lemma 3.1. The isomorphism class [A] is contained in R{H)^/^. For fc € Z, the multiple 
A:[A] is contained in the image of the restriction map res: R{F) —?■ R{H) if and only if k is 
even. 

Proof. Since H is the center of F it follows that the conjugation action of F/H on R{H) is 
trivial, hence [A] £ R{H)^/^ = R{H). One easily verifies that the representation 

r: F^U{2) 
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defined by 

r(a) = ( “ ‘ ) and r(e) = ( J ) 

satisifies res([r]) = 2[A]. Hence, /i:[A] is contained in the image of res for every even A: € Z. 
Note that, as a free abelian group, R{H) is generated by [A] and the isomorphism class of the 
1-dimensional complex trivial representation [tr] (e.g. see [E])- Now suppose k is odd and 
there exists an element [fi] — \p\ G R{F) such that res([/i] — [p]) = A:[A]. There are integers 
l,m,n and such that res([p]) = /[tr]-|-m[A], res([p]) = /[tr]-|-n[A] and m — n = k. By changing 
the representative of [p], we may also assume that 

p: T —> U(/ + m) 

where p{cr) is a diagonal matrix. Since p{cr‘^) has an m-dimensional eigenspace with eigen¬ 
values — 1 and an /-dimensional eigenspace with eigenvalue 1 , it follows that /r(cr) has an 
s-dimensional eigenspace with eigenvalue i and a A-dimensional eigenspace with eigenvalue 
—i such that s 1 = m. Morever, has an s-dimensional eigenspace with eigenvalue 

—i and a A-dimensional eigenspace with eigenvalue i. Since a and are conjugate in F, it 
follows that s = t proving that m is even. A similiar argument shows that n is also even. 
But this contradicts the fact that k = m — n is odd. Hence, there does not exist an element 
[/i] — [p] G R{F) such that res([/i] — [p]) = A;[A], if k is odd. 

□ 

The following lemma uses the notation introduced above and will be cited in the next 
section. 

Lemma 3.2. Every F-equivariant complex line bundle over is isomorphic to the pullback 
of an F-equivariant complex line bundle over E{F/H) along the inclusion i: —)• E{F/H). 

Proof. Let S be the family of subgroups of F containing only H and the trivial subgroup. 
Note that isomorphism classes of T-equivariant complex line bundles correspond to isomor¬ 
phism classes of {F,S^ = U(l))-bundles. Let ir: E ^ X^ be an T-equivariant complex line 
bundle over and let [an- H —)■ U(l) = 5^] be the isomorphism class in Repgi{H) of the H- 
representation induced on the fibers of vr. If we set a{e}: {e} —)■ S^, then A = {[aK])Kes S 
limi^g 5 Rep 5 i(iL). It follows from Lemma 12.21 for T = S^, that in order to show that vr 
is the pullback of an T-equivariant complex line bundle over E{F/H) along the inclusion 
i'. —>■ E{F/H), it suffices to show that every T-map from X^ to Bs{F,A) can be ex¬ 

tended to an T-map from E{F/H) to Bs{F,A). Here Bs{F,A) is homotopy equivalent to 
BS^ = CP°° for all K £ S, again by Lemma [2.2[ It follows from Bredon’s equivariant obstruc¬ 
tion theory (see [21 Section H.l],[T5l Th. 1.5.1]) that the potential obstructions for extending 
such a map lie in the relative Bredon cohomology groups {E{F / H), X^ ■, TTnfBsiF, A)~)) 

for re > 3. Since 7r„(CP°°) is zero unless re = 2, the lemma is proven. □ 

The idea for the following lemma is contained in [121 p 596]. 

Lemma 3.3. There exists an n > 1 such that [A] is not contained in the image of the edge 
homomorphism 

Proof. By [71 Theorem 5.1] for X = {*}, F = {e,H} and EF = E{F/H), there are maps 

R{F)/P ^kUx^) 
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that induce a map of inverse systems from {i?(F)//"'}„>o to {K^(X"')}„>o that induces an 
isomorphism of pro-rings. Here I is the kernel of the restriction map R{F) R{H). This 
implies that for sufficiently large n > 1 there exists a map /3i: K^{X^) R[F)/I making 
the following diagram commute 

R{F)/I^ 


R{H)^/^ 


R{F)/I^^K%{X^). 

This shows that the image of the restriction map 

R{F) R{Hf/^ 

coincides with the image of the edge homomorphism 

K%{X^) R{Hf/^. 

Since [A] does not lie in the image of R(T) —)■ by Lemma f,3.11 the lemma follows. □ 

Let re > 3. By [HI Th. A & Th. 8.3] there exists a compact re-dimensional locally CAT(O)- 
cubical complex Tx^ equipped with a free cellular F/Ff-action and an T/Lf-equivariant map 
tx^ '■ Tx^ —>■ X^ that induces an isomorphism 

(3) nux^) ^ nuTxr.) 

for any equivariant cohomology theory R*{-) (e.g. see [HI section 1]). (We remark that [HJ 
Th. 8.3] is stated for equivariant homology theories, but the analogous statement holds for 
equivariant cohomology theories by essentially the same proof.) The action of F on Tx^ in the 
above is via the projection F —>■ F/H. Now let be the universal cover of Tx^ and let T^ 
be the group of self-homeomorphisms of that lift the action of F/H on Tx". Since F/H 
acts freely on Tx", T^ acts freely on Y^. We conclude that Y^ is an re-dimensional CAT(O)- 
cubical complex on which T^ acts freely, cocompactly and cellularly. Since Y^ is contractible, 
this implies that T^ is torsion-free. By construction there is a surjection r„ —)• F/H whose 
kernel Nn is the torsion-free group of deck transformation of the covering T” —>■ Tx^- Now 
define the group Gn to be the pullback of 7r„: Tn ^ F/H along F F/H. Then Gn acts 
on Y"^ via the quotient map Gn —>• Gn/H = T^ and fits into the short exact sequence 

1 —)■ Nn Gn F ^ 1. 

Note that the only non-trivial finite subgroup of Gn is H = C 2 and that since Nn acts freely 
on T”, the G^-equivariant quotient map T” —)• Nn \Y'^ = Tx" induces an isomorphism ( m 
Lemma 3.5]) 





K^(Tx.)^K^jy-). 


(4) 
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Applying ([3]) and (jH) to the compostion Tx^ —Ai” and the equivariant cohomology 

theories K 7 (-) and H 7 (-,ii(—)) with * = 0, we obtain a commutative diagram 




ep 


^Gn 


^ hmc^/sed^G. RiS). 


The fact that this diagram commutes can be seen as follows. Using equivariant cellular 
approximation, we may assume that the map A” —)■ is cellular. By considering the 

inclusion of zero-skeleta in n-skeleta, naturality yields a commutative diagram 




KS.(X»)--K?,, (>-»). 

The edge homomorphism ep: K^(A”) —)• C K57(A*^) coincides by construction 

with K^(A”) once we restrict the codomain, and similarly for ecn- Therefore, 

commutativity follows. 


Since we proved in Lemma 13.31 that, for n large enough, the isomorphism class of A does 
not lie in the image of the edge homomorphism 


it follows from the commutative diagram above that the compatible system of representations 
(Aop„| 5 ) 5 g^e hm fi(5) = H57(G„,i2 (-)). 

Crji/ oG.CypCjn 


does not lie in the image of the edge homomorphism 


^Gn 




lim 

G„/S€0:fG, 


R{S). 


Recall from [3] that non-empty CAT(0)-cube complexes are contractible and that the fixed 
point set for a finite group action on a CAT(0)-cube complex is contractible. Since Gn acts 
cellularly properly and cocompactly on the CAT(0)-cube complex Yn, we deduce that Yn is 
a cocompact model for E_Gn- To summarize, we have constructed a group G = Gn with 
a cocompact classifying space for proper actions EG admitting a compatible collection of 
complex representations of the hnite subgroups of G that cannot be realized as G-equivariant 
virtual complex vector bundle over UG. 

We remark that Wolfgang Liick has shown us another quite different way to find a finite 
group F and an T-CW-complex X that satisfy Lemma 13.31 any such pair could be used to 
construct a group with similar properties to the group G = Gn- 


4. Real vector bundles 

One could apply the techniques of the previous section in the real setting to obtain a group 
G with cocompact classifying space for proper actions UG so that the edge homomorphism 

ec: KO^g^G) ^ 
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is not surjective. Here one would need the real version of [3 Theorem 5.1], which also holds 
as explained in the paragraph below [TJ Theorem 5.1]. 

Instead we give an explicit description of a group G that admits as a cocompact model 
for SG and admits a compatible collection of real representations of its finite subgroups that 
cannot be realized as a real G-vector bundle over M^. 

We start by describing a related group T that is a 2-dimensional crystallographic group, or 
wallpaper group; this group is known as p2gg, but we will describe it explicitly. Endow 
with the CW-structure coming from the standard tesselation by unit squares with vertices at 
and let T be the group of automorphisms of this CW-structure that preserves the pattern 
shown in Figured] The stabilizer of a 2-cell is clearly trivial, and so the 2-cells form a single 
free T-orbit. There are two orbits of 1-cells, the vertical and horizontal edges, and again each 
orbit is free. There are two orbits of 0-cells, and the stabilizer of a 0-cell is cyclic of order 
two, generated by the rotation of order two fixing the point. Since the stabilizer of each cell 
acts trivially on that cell, the given CW-structure makes into a T-CW-complex. 

The translation subgroup T of T has index four, and consists of the elements {x, y) i—>■ 
{x + 2m, y + 2n). The orientation-preserving subgroup of T has index two, and consists of 
T together with the rotations through tt about some point of J?, which are of the form (x, y) i—> 
(2m — x,2n — y). Finally the elements of T — are the glide reflections whose axes bisect the 
sides of the 2 -cells: (x, y) e-)- ( 2 m -|- 1 — x, 2 n -|- 1 -|- y) and (x, y) i-> ( 2 m -|- 1 + x, 2 n -|- 1 — y). 
The quotients T\]R^, N\M? and r\M^ are respectively a torus consisting of four squares, an 
obtained by identifying the boundaries of two squares, and a copy of obtained by 
identifying the edges of a square in pairs. The fact that T — A^ contains no torsion elements 
is reflected in the fact that T /N acts freely on the sphere 

Now let F be a copy of G 4 and let H = C 2 he the index two subgroup of F. The group 
G is defined as the pullback of the two maps T —>• T /N = C 2 and F —)• F/H = C 2 - By 
construction the group G admits as a cocompact model for EG, and fits into a short exact 
sequence 

l^N^G^F^l 

such that every finite subgroup of G maps onto a subgroup of H under p. 

Now let 

X:H^ 0 ( 1 ,M) = G 2 

be the 1-dimensional real sign representation of F[, i.e. A is the identity map. The isomorphism 
class [A] is clearly contained in RO{H)^^^, since F is abelian. 

Lemma 4.1. The isomorphism class /i:[A] is contained in the image of the restriction map 

RO{F) RO{H)^/^. 

if and only if k is even. 

Proof. Recall that the irreducible real representations of G 4 are up to isomorphism the one¬ 
dimensional trivial representation representation, the one dimensional sign representation of 
F/H = G 2 and one 2-dimensional faithful representation in which the elements of order four 
act as rotations by ±^. The restriction of the first two of the representations to H gives the 
trivial one dimensional representation of H, while the restriction to H of the third is A © A. 
We therefore conclude that the image of RO{F) —)• RO{H)^/^ consists of element of the 
form 2n[A] +m[tr], where tr is the trivial one dimensional representation of H and n,m 
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Figure 1. A wallpaper pattern for F = p2gg 


This shows that k[X\ is contained in the image of the restriction map RO{F) —)■ 

if and only if k is even. □ 

Lemma 4.2. Let F act on the infinite dimensional sphere S°° by first projecting onto 
F/H = C 2 and then acting via the antipodal map. View 5^ as the 2-skeleton of . Ev¬ 
ery F-equivariant orthogonal real line bundle over 5^ is isomorphic to the pullback of an 
F-equivariant orthogonal real line bundle over S°° along the inclusion S'^ —>• S°°. 

Proof. Let S be the family of subgroups of F containing H and the trivial subgroup. Note that 
isomorphism classes of F-equivariant orthogonal real line bundles correspond to isomorphism 
classes of (F, C 2 )-bundles. Now let be an (F, C 2 )-bundle over 3“^ with fibers A = (^ 5 ) € 
Iim 5 g 5 Repc-j {S). By Lemma 12?^ it suffices to show that every F-map f: S'^ ^ B 5 (F, A) can 
be extended to an F-map / : S°° —> Bs{F,A). Again by Lemma [221 — BC 2 = 

MF°° for all S (z S. It follows from Bredon’s equivariant obstruction theory (see O Section 
11.1]. [151 Th. 1.5.1]) that the potential obstructions for extending such a map lie in the relative 
Bredon cohomology groups 5^; 7 r„(B 5 (F, A)“)) for n > 2. Since 7 r„(MF°°) is zero 

unless n = 1 , the lemma is proven. □ 

Lemma 4.3. Let F act on S'^ by first projecting onto F/H = C 2 and then acting via the 
antipodal map. There does not exist a real F-vector bundle ^: E ^ 3“^ such that the repre¬ 
sentation of H on the fibers of ^ is isomorphic to A. 

Proof. Consider the inhnite dimensional sphere 3°° as a the universal C' 2 -space EC 2 , where 
C 2 acts via the antipodal map and let F act on 3°° via hrst projection onto F /H = C 2 and 
then acting via 6 * 2 . Now assume that there exists a real F-vector bundle f,'. E ^ 3“^ such 
that the representation of H on the hbers of f is isomorphic to A. By Lemma (4.21 there exists 
a real F-vector bundle F —>■ 3°° such that the representation of H on the hbers of is 
isomorphic to A. By pulling back this bundle along the inclusion S'” —>■ S°°, there also exists 
a real F-vector bundle F —)• S” such that the representation of H on the hbers of ^ is 
isomorphic to A, for every n > 2. 
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By the real version of [TJ Theorem 5.1] (see comments below [3 Theorem 5.1] ), there are 
maps 

On-. RO{F)/P ^KO%{S^) 

that induce a map of inverse systems from {RO{F)/I^}n>o to {KO^(5”)}n>o that in turn 
induces an isomorphism of pro-rings. Here I is the kernel of the restriction map RO{F) —>■ 
RO{H). This implies that for sufficiently large n > 1 there exists a map I3i: KO^(S'”) —)■ 
R{F)/I making the following diagram commute 

RO{F)/r KO%{S^) 


RO{H)^/^ 


RO{F)/I ^^KO°p{S^). 

This shows that the image of the restriction map 

RO{F) RO{Hf/^ 

coincides with the image of the edge homomorphism 

KO°f{S^) RO{Hf/^, 

implying that the ff-representations coming from the hbers of any real T-vector bundle over 
can be extended to virtual T-representations. However, since A does not lie in the image 
of RO(T) —RO(ff) by Lemma [4.II we arrive at a contradiction and conclude that there does 
not exist a real T-vector bundle E ^ S'^ such that the representation of H on the hbers 
of ^ is isomorphic to A. □ 

Consider the projection p: G ^ F and the compatible system of real orthogonal represen¬ 
tations 

([A op| 5 ]) 56 j- G lim RO{S) = nl{EG,RO{-)), 

G / S^Oj^G 

and assume that there exists a real G-vector bundle that realizes it. Since the 

kernel of p: G ^ T is iV, it follows from the lemma below and our observations above that 
N\^\ N \ E ^ N \ X is sia T-vector bundle over 5^, where F acts on via projection onto 
F/H = G 2 , followed by the antipodal map. Morever, the representation of H on the hbers of 
Ai\.^ is by construction exactly A. This however contradicts Lemma 14.31 so we conclude that 
there does not exist a real G-vector bundle Li —that realizes the compatible system 
of real orthogonal representations (A op\s)s&T- 

Lemma 4.4. Let G he any discrete group with normal subgroup N and let X be a proper 
G-CW-complex. If E ^ X is a G-vector bundle over X such that N liGx acts trivially 
on for every x € X, then 

N\f,: N\E^N\X 
is a G/N-vector bundle over N \ X. 
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Proof. Denote the projection G —>■ G/N = Q hy tt. Let us first consider the case where ^ is 
trivial (trivial in the sense of [101 Section 6.1.]), i.e. assume ^ is a pullback 

GxhV - ^G/H 

r p 


of the G-vector bundle G Xh V ^ G/H along the G-map p: X — >■ G/H where H is some 
finite subgroup of G and 1/ is a hnite dimensional real Lf-representation such that H r\N acts 
trivially on V. Consider the pullback diagram 


Qx^^h)V --Q/vr(F) 


W 

P 


q 


N\p 

-N\X 


of the Q-vector bundle Q V Q/7r{H) along the Q-map N \ p: N \ X ^ Q/'k{H). 

We define the map 

fj: N\E ^ P : {g,v,x) ^ {7r{g),v,x). 

It is easy to check that if yields a well-defined morphism of Q-equivariant bundles over N\X. 
Moreover, since ip is a, fiberwise linear map of Q-vector bundles that is a fiberwise isomorphism, 
it follows that is a homeomorphism. 

Now consider the general case. Let x (z N \ X. Since ^: E ^ X is locally trivial, x £ X 
has an open G-neighourhood U such that there is a G-map p: U ^ G/H where H is finite 
subgroup of G and ^|f/ is (homeomorphic to) the pullback 


GxhV - ^G/H 


C|C/ 




p 

-U 


of the G-vector bundle G Xh V G/H along the G-map p: U ^ G/H. By the above, the 
quotient diagram 

Qx^^h)V --Q/vr(F) 

N\p 

, N\i 

N\i\u - "^N\u 

is a pullback diagram. Since X \ [/ is an open Q-neighbourhood of x, it follows that N \ 
N\E^N\X is a Q-vector bundle. □ 


We finish this section by explaining how a similar approach to the one above can be used 
to produce a group G admitting a three dimensional cocompact model for XG that has a 
compatible system of one-dimensional complex representations that cannot be realized as a 
complex G-vector bundle over XG. As in Section 3, let F = G 4 x G 2 be the dihedral group of 
order 8 where o" is a generator for G 4 . Let H = (cj^) be the center of F, which has order two 
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and denote the 3-skeleton of the universal F/H-space X = E{F/H) by X^. We let F act on 
X and X^ via the projection onto F/H. Consider the complex 1-dimensional representation 

X: H = {(j^) ^ U(l) = 5^ : ^ -1. 

By [HI Th. A & Th. 8.3] there exists a compact 3-dimensional locally CAT(0)-cubical complex 
Tx3 equipped with a free cellular F/ff-action, an F/F-equivariant map tx^ '■ Txs —)• X^ and 
an isometric cellular involution r on Txs that commutes with the F/F-action on Fj^s and 
the map txs such the induced F/F-equivariant map 

{t)\Tx3^X^ 

is a homotopy equivalence. Note that F/H acts freely on (r) \ Tx3 since it acts freely on X^. 
Hence Tx3 is also the 3-skeleton of a universal F/F-space Z. So we may continue assuming 
that Z = X and (r) \ Tx3 = X^. 

Now let Y be the univeral cover of and let T be the group of self-homeomorphism of Y 
that lifts the action of F/F0 (r) on F^s. Then F is a 3-dimensional CAT(0)-cubical complex 
on which T acts properly, compactly and cellularly. By construction there is a surjection 
a: r —)• F/F © (r) whose kernel Ker(a) is the torsion-free group of deck transformations of 
Y —>• Tx3. Let vr denote the composition of a with the projection of F/F © (r) onto F/F. 
Since F/F acts freely on Fj^s and every finite subgroup of T must fix a point of Y since Y is 
CAT(O), it follows that every finite subgroup of T is contained in the kernel of vr, which we 
denote by N. Now define the group G to be the pullback of vr: T —)• F/F along F F/H. 
Then G acts on Y via the quotient map G —)• G/H = T that fits into the short exact sequence 

l^N^G^F^l. 

such that p maps all the finite subgroup of G onto a finite subgroup of F and N \ Y = X^. 

Let F be the family of finite subgroups of G, note that F is a three dimensional cocompact 
model for EG and suppose that there exists a G-vector E ^ Y whose fibers give rise to 
the compatible system of representations 

Applying Lemma 14.41 we obtain an F-equivariant complex line bundle N \ ^: F\F—>A 
such that the representation of F on the fibers of F \ ^ is isomorphic to A. By Lemma 13.21 
this bundle can be extended to an F-equivariant complex line bundle over X = E[F/H). 
We now continue in a similar fashion as in the proof of Lemma 14.31 to conclude that [A] is 
contained in the image of the restriction map F(F) ^ F(F)^/^, which contradicts Lemma 
EH We conclude that the bundle ^ cannot exist. 

5. Right angled Coxeter groups 

Let T be a finite graph. We denote the vertex set of T by S = F(r) and the set edges of 
r by F(r) C F(r) x F(r). The right angled Coxeter group determined by T is the Coxeter 
group W with presentation 

IF = (S I for all s € F(r) and {stf if {s,t) G F(r)). 

Note that IF fits into the short exact sequence 

i^f^ifAf = 0G2^i 

sGS 
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where p takes s £ S to the generator of the C' 2 -factor corresponding to s. A subset J C 5 is 
called spherical if the subgroup Wj = (J) is finite (and hence isomorphic to 0 ^gjC 2 ). The 
empty subset of S is by definition spherical. We denote the poset of spherical subsets of S 
orderded by inclusion by 5. If J G 5, then Wj is called a spherical subgroup of W, while 
a coset wWj is called spherical coset. We denote the poset of spherical cosets, ordered by 
inclusion, by WS. Note that W acts on WS by left multiplication, preserving the ordering. 
The Davis complex S of IT is the geometric realization of VTiS. One easily sees that S is 
a proper cocompact IT-CW-complex. Since S admits a complete CAT(0)-metric such that 
IT acts by isometries, it follows that S is a cocompact model for ^IT (see [U Th. 12.1.1 & 
Th. 12.3.4]). A consequence of this fact is that every finite subgroup of IT is subconjugate to 
some spherical subgroup of IT. This implies that the group N defined above is torsion-free. 
Since the quotient space IT \ S is homeomorphic to the geometric realization of the poset 5, 
which is contractible since it has a minimal element, another consequence is that the quotient 
BW = IT \ EW is contractible. We refer the reader to [1] for more details and information 
about these groups and the spaces on which they act. 

Let J- be the family of finite subgroups of IT. Given an abelian group A, we denote by 

A: Oj-IT^Ab 

the trivial functor that takes all objects to A and all morphism to the identity map. One can 
verify that 

(5) {EW, A) ^ H* {BW, A). 

Lemma 5.1. Let A = {[p\H])HeJ^ € Repp{H). For every k > 0, the contravari- 

ant functor 

O^IT^Ab: W/H TTk{B^{W,A)^) 
equals the trivial functor •Kk{BE). 

Proof. Let EE be a contractible T-CIT-complex with free T-action and consider the product 
space ^IT x EE. This space becomes a (IT x K) — CIT-complex by letting {w, f) £W x F 
act on {x, y) G EW x EF as 

{w, f) ■ {x, y) = {w- x,p{w)f ■ y). 

One checks that with this action ^IT x EF is a model for Ejr{W,A), i.e. (SIT x EF)^ is 
contractible when K G Ta and empty otherwise. By definition, it follows that SIT x BF 
is a model Bjr{W, A), where IT acts on trivially on the second coordinate. Since EW^ is 
contractible for every H G J-, the lemma follows easily. 

□ 

Let T be either the orthogonal group 0(n,M) or the unitary group U(n). 

Lemma 5.2. Every element of 

lim Repp(S) 

WIH&OjrW 

is of the form ([A o P\H])HeT for some group homomorphism A: S —>• T. 

Proof. Every finite subgroup S of IT is isomorphic to a finite direct sum of 6 * 2 ’s. Since every 
element of order 2 in T is conjugate in T to a diagonal matrix with ±1 on the diagonal and 
commuting matrices can be simultaneously diagonalized (e.g. see [ 6 l Th. 1.3.12]), it follows 
that the image of every homomorphism S —>■ T is conjugate to a finite subgroup of T consisting 
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of diagonal matrices. Hence, every element Rep-p{H) is of the form {[aH])H£T 

where an ■ H ^ T is a homomorphism whose image lands in the finite abelian subgroup of 
r consisting of diagonal matrices. Since every finite subgroup of W is subconjugate to a 
spherical subgroup Wj, the compatibility of the representations tells us that is 

completely determined by the homomorphisms : (s) —>■ F, for s G 5. Since the images of 
the are diagonal, they commute. Therefore, one can define the homomorphism 

X- F = C 2 —)• r : {as)s£S ci(s)(<Ts)- 

seS seS 

The compatibility of the representations implies that 

{[^°P\h])h€T = {[aH])H€T, 

proving the lemma. □ 

The following theorem applies to both complex and real representations and vector bundles. 

Theorem 5.3. Let W be a right angled Coxeter group. Every compatible collection of repre¬ 
sentations of the finite subgroups ofW can be realized as a W-equivariant vector bundle over 
the Davis complex S = ^W. 

Proof. Consider A = {\p\H])HeT S limiY/jj^Q^iyKepp{H). It follows from Lemma [22] that 
the existence of a (W, H)-bundle over S follows from the existence a hF-map S —)• Bjr(W, A). 
Since by Lemma l5.11 the contravariant functor 

7rk{B^{W,A)-): O^W) ^ Ab : W/H ^ n^iB^iW, Af) 

equals the trivial functor 'Kk[BF) for all A; > 0, it follows from ([51) and the contractibility of 
BW that the Bredon cohomology groups 

are zero for all A: > 0. Since there certainly exists a IT-map from the 0-skeleton of S to 
Bjr(W, A), it follows from Bredon’s equivariant obstruction theory that there exists a VF-map 
^^Br{W,A). 

Now consider a compatible collection of representations of the finite subgroups of VF. By 
Lemma 15.21 this collection is of the form 

for some group homomorphism A: T —)■ T. Letting A = it follows from the above 

that there exists a (W, A)-bundle E If T = 0(n,M) then 

is a real VF-vector bundle over B that realizes ([A o P\h\)h^t-, and if T = U{n) then 

ExpC^ 

is a complex VF-vector bundle over B that realizes ([A o P\h])h£T- Here F acts on M"' or C"' 
via the map A. □ 

Lemma 5.4. IfW is a right angled Coxeter group, then H[y(B,i2(—)) = 0 for all n > 0, and 
H^(B,i?(—)) is free abelian of rank equal to the number of spherical subgroups ofW. 
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Proof. This is proven in much the same way as the corresponding result for homology in m- 
In more detail, one uses the cubical structure on S, in which there is one orbit of n-cubes 
with stabilizer isomorphic to (C' 2 )” for each n-tuple of commuting elements of S. (For each 
n > 0, for each spherical subgroup Wj = (C' 2 )” and for each w G W, the subposet consisting 
of all special cosets contained in wWj is order isomorphic to the poset of faces of an n-cube. 
Furthermore this isomorphism is equivariant for the stabilizer subgroup wWjw~^ = (C 2 )"', 
acting on the n-cube as the group generated by reflections in its coordinate planes. The 
realizations of these subposets are the cubes that make up the cubical structure on S. For 
more details concerning the cubical structure on S see [H Ch. 1.1-1.2 or Ch. 7].) Since 
the stabilizer of a cube of strictly positive dimension acts non-trivially on the cube, this 
cubical structure is not a kF-CW-structure on S. However, its barycentric subdivision is a 
simplicial complex naturally isomorphic to the realization of the poset kF5 as described in 
the introduction to this section. 

Let S” denote the n-skeleton of S with the cubical structure. Firstly, consists of a 
single free kF-orbit of vertices, so R{—)) is isomorphic to the ordinary cohomology of 

a point; since kF acts freely the calculation reduces to an equivariant cohomology calculation 
for the trivial group action. 

Let I = [—1,1] be an interval, with C 2 acting by x !->■ —x (i.e., swapping the ends of the 
interval). Note that I is equivariantly isomorphic to the Davis complex for the Coxeter group 
6 * 2 . Let dl denote the two end points {—1,1}. Make I into a C' 2 -CW-complex, for example 
by taking three 0 -cells in two orbits at the points — 1 , 0 and 1 , and one free orbit of 1 -cells 
consisting of the two intervals [—1,0] and [0,1]. The cellular C' 2 -Bredon cochain complex for 
the pair (/, dl) with coefficients in R{—) is a cochain complex of free abelian groups in which 
the degree zero term has rank two, the degree one term has rank one, and all other terms 
are trivial. A direct computation with this cochain complex shows that HQ^{I,dI;R{—)) is 
isomorphic to Z for m = 0 and is zero for m > 0. 

Next consider /"■ with acting as the direct product of n copies of the above action 
of C 2 on I. This is the Davis complex for the Coxeter group • Since the representation 
ring of a direct product of finite groups is naturally identified with the tensor product of 
the representation rings |19[ Ch. 3.2], the C^-Bredon cochain complex for the pair 
with coefficients in R{—) is naturally isomorphic to the tensor product of n copies of the C 2 - 
Bredon cochain complex for {I,dl) with coefficients in R{—). (If one wants to think about 
this cochain complex geometrically, it arises from the (C' 2 )”'-CW-structure on in which 
the cells are the direct products of the cells arising in the C' 2 -CW-structure on I.) Since 
these cochain complexes consist of finitely generated free abelian groups, there is a Kiinneth 
formula as described in for example |16l Thrm 60.3]. Since Hf,^{I,dI;R{—)) is free abelian 
the Kiinneth formula implies that 


iP,dI\ R{-)) - (g) H*c^ (I, dl- R{-)). 

i=l 

It follows that for each n, ,dI^-,R{—)) is isomorphic to Z for m = 0 and is zero for 

m > 0. 

From these computations, it follows easily that R{—)) is zero for m > 0 and 

is isomorphic to a direct sum of copies of Z indexed by the kF-orbits of n-cubes in S. By 
induction on n one sees that L7(y(S”’; ii(—)) is zero for m > 0 and isomorphic to a direct 
sum of copies of Z indexed by the kF-orbits of cubes of dimension at most n for m = 0. The 
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claimed result follows, since the Vh-orbits of cubes in S are in bijective correspondence with 
the spherical subgroups of W. □ 

Before stating our theorem concerning we make some remarks concerning the 

representation ring of a direct sum of copies of the cyclic group C 2 , indexed by a (finite) set 
S. For any finite group G, the collection of all isomorphism types of 1-dimensional complex 
representations of G is an abelian group, with product given by taking the tensor product of 
representations. Furthermore, this group is naturally isomorphic to the group Hom(G, U(l)). 
In the case when G is abelian, every irreducible representation of G is 1-dimensional, and so 
Hom(G, U(l)) forms a basis for the additive group of the representation ring. In this way the 
representation ring R{G) is naturally isomorphic to the integral group algebra of the group 
Hom(G, U(l)). In the case when G = 0 sg 5 G 2 is a direct sum of copies of G 2 indexed by S, we 
may view G as a vector space over the field of two elements, in which case Hom(G, U(l)) may 
be identified with the dual space. For s € S', let s* denote the 1-dimensional representation 
of G with the properties that s*(s) = —1 and s*{t) = 1 for t G S — {s}. let S* denote the set 
of these representations: S* := {s* | s G S}. In terms of vector spaces over the field of two 
elements, S* C Hom(G, U(l)) is the dual basis to the set S C G. The set S* generates the 
representation ring of G, giving rise to the following presentation: 

R{G) = Z[S*]/{s*^ - 1 I s G S), 

in which the monomials s*S 2 ''' •Sfc for all subsets {si, ... ,Sk} ^ S correspond to the irre¬ 
ducible representations. 

Suppose now that J is a subset of S. The inclusion J ^ S identifies H = 0^^ j G 2 with 
a subgroup of G = 0 j,gjG 2 . The induced map R{G) —)■ R{H) of representation rings is 
described easily in terms of the above ring presentation: for s G J, s* G R{G) restricts to 
s* G R{H), while for s ^ J, s* RiG) restricts to 1 G R{H). 

Now suppose that F is a graph with vertex set B(F) = S, and let W be the right angled 
Coxeter group associated to F. The abelianization of W is naturally identified with G = 
0 SGS G 2 . There is a unique equivariant map a: EW —>■ *, from the VF-space EW to a point 
*, viewed as a G-space with trivial action. If J is a spherical subset of S then Wj = 0^^ j G 2 
maps isomorphically to the corresponding subgroup of G = 0 ^g 5 G 2 . If x G EW is a 0- 
cell hxed by Wj = 05GJ G 2 , then a{x) = *, and this map is VFj-equivariant. The induced 
map a*: Kg(>K) —)> K’^{EW), and the composite map K^(*) ^ K^^({x}) will be used in 
the statement and proof of our theorem. If we identify R{G) with Kg(=f:) and R{Wj) with 
({*})) then the composite is identified with the restriction map. 

Theorem 5.5. Let W be the right angled Coxeter group determined by a finite graph F, with 
vertex set S, and let G = 0SGS be the abelianization ofW. The map a* : K^(*) — ¥L^{EW) 
is surjective in each degree. In particular, Kjy(SIF) = 0 and there is a ring isomorphism 

K'^iEW) ^ Z[S*]/{s*^ - 1, s*t* -s*-t* + l\ seS = F(F),(s, t) i E{T)). 

It follows that K^(^IF) = Z'^ as an abelian group, where d is the number of spherical sub¬ 
groups of W. 

Proof. Consider the Atiyah-Hirzebruch spectral sequence © 


18 


DIETER DEGRIJSE AND IAN J. LEARY 


where K^(Vh/—) = R{—) if q is even and K‘^{W/—) = 0 if g is odd (see [T2l Th. 3.2]). In 
the lemma above, we proved that H^(S, R{—)) = 0 for k > 0. It therefore follows that 


kuew) = { 


R{-)) = R{H) 

0 


if n = 0 
if n = 1. 


Let I he the ideal 

- 1, s*t* - s* -t* + 1 \ s € S, is,t) ^ E{T)) 

in the polynomial ring Z[S'*]. Note that as an abelian group h[S*]/I is free, with basis 
elements the commuting products for all J = {si...,Sfe} G S (The case J = 0 

corresponds to the unit of Z[I/(r)]// ). This shows that 

Z[S*]/I ^ Z"* 

as an abelian group, where d is the number of spherical subgroups of W. 

We claim there is an isomorphism of rings 

lim R(H) ^ Z[S*]/I. 

wiHeOjrW 

Since every hnite subgroup of W is subconjugate to a spherical subgroup of W, it follows that 


lim R(H) 

w/HeOjrW 


^ lim R{Wj) 

J 


as rings. By the remarks in the paragraph preceeding the statement of the theorem, there 
are ring isomorphisms 

R{Wj) = Z[J*]/(s*^ - 1 I s G J), R{G) = 'L[S*]/{s*^ -l\seS), 

which are natural for inclusions J C J' C S'. From this it follows that the natural ring 
homomorphism 

p: R(G) lim R(H) 
wjHeOTw 

is surjective, and that limv[///^gc>^^^ R{H) is isomorphic to the ring described in the statement; 
in particular its additive group is free abelian of the same rank as K^(^VF). Since p factors 
through E!^{EW), the claimed isomorphism follows. □ 


Before stating our corollary concerning K*(BVF), we recall some facts from [T] concern¬ 
ing K*(BG), where as above G = 05^5 (72. For any finite group H, Atiyah showed that 
W‘[BH) = 0 for i odd, and that K^*(BiL) is naturally isomorphic to the completion of the 
representation ring R{H) at its augmentation ideal. To discuss the case of G, it is conve¬ 
nient to take new generators for R{G); replace the irreducible representation s* by the degree 
zero virtual representation s = s* — 1. With respect to these generators one obtains the 
presentation 

R{G) = Z[S]/{s{s + 2) \seS), 

where 5 = {s | s G S}. If H = 0^gj G 2 , then of course there is a similar description of R{H), 
which is natural for the inclusion J C S'. Note that if s ^ J, then the image of s under the 
restriction map R{G) RiH) is zero. 

Completing R{G), as described above, with respect to its augmentation ideal gives rise to 
the following presentation for the ring K^{BG): 

K°(BG) = Z[[S]]/(s(s + 2) I s G S), 
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which is natural for the inclusion J C 5, and so also describes the induced map 'KP{BG) —>■ 
¥S'{BH). The additive group of this ring is the direct sum of one copy of Z, generated by 1, 
and for each non-empty subset J C S', one copy of the 2-adic integers, Z 2 , consisting of the 
set of power series in the element with zero constant term. 

Corollary 5.6. Let W he the right angled Coxeter group determined by a finite graph T with 
vertex set S = C(r), and let G = 02 be the abelianization of W. The induced map 

K*{BG) —>■ K*{BW) is surjective in each degree. In particular }L}{BW) = 0 and there is a 
ring isomorphism 

K\BW)^Z[[S]]/{s(s + 2), st\seS, is,t) i E{r)). 

Here, Z[[5]] is the formal power series ring with Z coefficients in the variables S' = {s | s G S'}. 

Proof. The version of the Atiyah-Segal completion theorem that is proven for infinite dis¬ 
crete groups admitting a cocompact model for the classifying space for proper actions in |121 
Theorem 4.4. (b)] implies that 

K^iBW) = K^{EW) j, 

where the ideal J is the kernel of the augmentation map }L'^{EW) —)• Z that maps vector 
bundles to their dimension. Changing variables in the above theorem to s = s* — 1, we see 
that ¥L{BW) = 0 for i odd and that ¥fi{BW) is the completion of the ring 

Z[5]/(s(s + 2), St I s G 5, {s,t)iE{V)) 

with respect to the ideal generated by the set S' = {s | s G S'}. This completion is the ring 
described in the statement. □ 

There is an alternative proof of Corollary 15.61 that does not use Theorem 15.51 or results 
from [12]. Instead one uses a description of W as a free product with amalgamation. If the 
graph T is not a complete graph, then there is an expression T = riUr 2 , Ts = rinr 2 , in 
which each Tj is a full subgraph of T and has fewer vertices than T. This gives an expression 
for W as a free product with amalgamation W = Wi *W 3 W 2 . From this one obtains a 
Mayer-Vietoris sequence that can be used to compute K*{BW). To establish Corollary 15.61 
one shows by induction on l^l that K*{BW) is as described and that for each J C 5, the 
map K*{BW) —> K*{BWj) is a split surjection. 
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